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P�r�o�b�l�è�m�e

P�a�r�t�i�e I : E�t�u�d�e �d�e �q�u�e�l�q�u�e�� �n�o�r�m�e�� �s�u�r� Mn(K)

1. ∀(i, j) , |(AB)i,j | = |
n∑
k=1

Ai,kBk,j | ≤
n∑
k=1

|Ai,k||Bk,j | ≤
n∑
k=1

‖A‖∞‖B‖∞ ≤ n‖A‖∞‖B‖∞.

D'�o�ù� ‖AB‖∞ ≤ n‖A‖∞‖B‖∞.
2. (�a�) E�n� �u�t�i�l�i�s�a�n�t �l��i�n�é�g�a�l�i�t�é �t�r�i�a�n�g�u�l�a�i�r�e �p�u�i�� �l��h�o�m�o�g�é�n�é�i�t�é �d�e N , �o�n� �o�b�t�i�e�n�t :

N(X) = N(
∑

1≤i,j≤n

xi,jE
j
i ) ≤

∑
1≤i,j≤n

|xi,j |N(Eji )

P�u�i�s�q�u�e ‖X‖∞ �m�a�j�o�r�e �t�o�u�� �l�e�� |xi,j |, �a�l�o�r�� N(X) ≤

 ∑
1≤i,j≤n

N(Eji )

 ‖X‖∞.

(�b) �i�. P�o�s�o�n�� k =
∑

1≤i,j≤n

N(Eji ) > 0 (�c�a�r� �l�e�� Eji 6= 0 ). P�a�r� �l��i�n�é�g�a�l�i�t�é �t�r�i�a�n�g�u�l�a�i�r�e
�i�n�v�e�r�s�e, �o�n� �a� :

|N(X)−N(Y )| ≤ N(X − Y ) ≤ k‖X − Y ‖∞

L�a� �f�o�n�c�t�i�o�n� N :Mn(K) −→ R �e�s�t �c�o�n�t�i�n�u�e �c�a�r� k−L�i�p�c�h�i�t�z�i�e�n�n�e.
�i�i�. L�a� �n�o�r�m�e ‖‖∞ �e�s�t 1−L�i�p�c�h�i�t�z�i�e�n�n�e (�p�a�r� �l��i�n�é�g�a�l�i�o�t�é �t�r�i�a�n�g�u�l�a�i�r�e �i�n�-

�v�e�r�s�e) �d�o�n�c �c�o�n�t�i�n�u�e �p�u�i�� S∞ �e�s�t �f�e�r�m�é �c�o�m�m�e �i�m�a�g�e �r�é�c�i�p�r�o�q�u�e �d�'�u�n�e
�f�e�r�m�é {0} �p�a�r� �u�n�e �f�o�n�c�t�i�o�n� �c�o�n�t�i�n�u�e. C�o�m�m�e �i�l �e�s�t �c�l�a�i�r�e�m�e�n�t �b�o�r�n�é
�e�t �o�n� �e�s�t �e�n� �d�i�m�e�n�s�i�o�n� �f�i�n�i�e, �a�l�o�r�� S∞ �e�s�t �u�n� �c�o�m�p�a�c�t �d�e Mn(K).
O�n� �s�a�i�t �q�u�'�u�n�e �a�p�p�l�i�c�a�t�i�o�n� �c�o�n�t�i�n�u�e �s�u�r� �u�n� �c�o�m�p�a�c�t�e �à� �v�a�l�e�u�r�� �r�é�e�l�l�e��
�e�s�t �b�o�r�n�é�e �e�t �q�u�e �s�e�� �b�o�r�n�e�� �s�o�n�t �a�t�t�e�i�n�t�e��, �d�o�n�c �i�l �e�x�i�s�t�e X0 ∈ S∞ �t�e�l
�q�u�e N(X0) = min

X∈S∞
N(X), �d�'�o�ù� �l�a� �p�r�o�p�r�i�è�t�é �c�h�e�r�c�h�é�e.
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�i�i�i�. O�n� �p�o�s�e : α = N(X0). α > 0 �c�a�r� �l�a� �n�o�r�m�e �d�'�u�n� �v�e�c�t�e�u�r� �n�o�n� �n�u�l.
S�o�i�t X ∈ Mn(K). S�i� X = 0 �l��i�n�é�g�a�l�i�t�é �e�s�t �t�r�i�v�i�a�l�e, �s�i�n�o�n�, �l�e �f�a�i�t �q�u�e
X
‖X‖∞ ∈ S∞ �e�t �l�a� �q�u�e�s�t�i�o�n� �p�r�é�c�é�d�e�n�t�e �p�e�r�m�e�t�t�e�n�t �d�'�é�c�r�i�r�e α ≤ N( X

‖X‖∞ )

�p�u�i�� �a�v�o�i�r� �l��i�n�é�g�a�l�i�t�é �c�h�e�r�c�h�é�e.
(�c) P�o�u�r� �u�n�e �n�o�r�m�e �a�r�b�i�t�r�a�i�r�e N , �o�n� �a� �t�r�o�u�v�é �q�u�e α‖.‖∞ ≤ N ≤ k‖.‖∞.

D�e�u�x �n�o�r�m�e�� �q�u�e�l�c�o�n�q�u�e�� �s�o�n�t �é�q�u�i�v�a�l�e�n�t�e�� �à� �l�a� �n�o�r�m�e�� ‖.‖∞, �p�u�i�� �e�l�l�e��
�s�o�n�t �é�q�u�i�v�a�l�e�n�t�e�� �p�a�r� �t�r�a�n�s�i�t�i�v�i�t�é.

3. (�a�) N �e�t ‖X‖∞ �s�o�n�t �é�q�u�i�v�a�l�e�n�t�e��, �d�o�n�c �i�l �e�x�i�s�t�e β > 0 �t�e�l �q�u�e : N ≤ β‖.‖∞.
P�o�u�r� (A,B) ∈Mn(K)2, �o�n� �a� : N(AB) ≤ β‖AB‖∞ ≤ nβ‖A‖∞‖B‖∞.

(�b) P�o�u�r� �l�a� �m�ê�m�e �r�a�i�s�o�n� �i�l �e�x�i�s�t�e α > 0 �t�e�l �q�u�e : α‖.‖∞ ≤ N .
P�o�u�r� (A,B) ∈Mn(K)2, �o�n� �a� : N(AB) ≤ nβ‖A‖∞‖B‖∞ ≤ nβ

α2N(A)N(B).
(�c) L�e �r�é�e�l nβ

α2 �c�o�n�i�e�n�t.
4. (�a�) �i�. S�o�i�t A ∈ Mn(K). L�a� �f�o�n�c�t�i�o�n� X 7→ N(AX) �e�s�t �c�o�n�t�i�n�u�e �s�u�r� Mn,1(K)

�c�a�r� �c�o�m�p�o�s�i�t�i�o�n� �d�e �l�a� �n�o�r�m�e N �q�u�i� �e�s�t 1−L�i�p�s�c�h�i�t�z�i�e�n�n�e �e�t X 7→ AX

�q�u�i� �e�s�t �d�e �c�o�m�p�o�s�a�n�t�e�� �p�o�l�y�n�o�m�i�a�l�e�� �e�n� �c�oe�f�f�i�c�i�e�n�t�� �d�e X. O�n� �v�é�r�i�f�i�e
�c�o�m�m�e �d�a�n�� Q.I.2.b.i. �q�u�e {X ∈Mn,1(K) | N(X) = 1} �e�s�t �u�n� �c�o�m�p�a�c�t �d�e
Mn,1(K), �d�o�n�c X 7→ N(AX) �e�s�t �b�o�r�n�é�e �e�t �a�t�t�e�i�n�t �s�a� �b�o�r�n�e �s�u�p�é�r�i�e�u�r�e,
�q�u�e �l��o�n� �n�o�t�e ‖A‖, �d�e �s�o�r�t�e �q�u�'�i�l �e�x�i�s�t�e X0 ∈Mn,1(K) �t�e�l �q�u�e N(X0) = 1

�e�t ‖A‖ = N(AX0).
M�a�i�n�t�e�n�a�n�t, �s�i� �o�n� �p�r�e�n�d� X ∈ Mn,1(K) �n�o�n� �n�u�l , �o�n� �a� : N( X

N(X) ) = 1

�d�o�n�c N(AX)
N(X) = N

(
A X
N(X)

)
≤ ‖A‖ = N

(
X0

N(X0)

)
, �d�'�o�ù� �l�e �r�é�s�u�l�t�a�t.

�i�i�. P�a�r� �d�é�f�i�n�i�t�i�o�n� �d�e ‖A‖ �q�u�e �l��o�n� �a� �e�x�p�l�i�q�u�é �d�a�n�� �l�a� �q�u�e�s�t�i�o�n� �p�r�é�c�é�d�e�n�t�e,
�o�n� �a� :

‖A‖ = sup{N(AX) | N(X) = 1}

�i�i�i�. •

‖A‖ = 0 =⇒ ∀X ∈Mn,1(K) , N(AX) = 0

=⇒ ∀X ∈Mn,1(K) , AX = 0

=⇒ A = 0
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•

‖λA‖ = sup{N(λAX) | N(X) = 1}

= sup{|λ|N(AX) ∈ | N(X) = 1}

= |λ‖A‖

• ∃X0 ∈Mn,1(K) �t�e�l �q�u�e N(X0) = 1 �e�t ‖A+B‖ = N((A+B)X0).
O�n� �a� : ‖A+B‖ = N((A+B)X0) ≤ N(AX0) +N(BX0) ≤ ‖A‖+ ‖B‖

(�b) �i�. P�a�r� �d�é�f�i�n�i�t�i�o�n� �d�e ‖A‖, �o�n� �a� : N(AX)
N(X) ≤ ‖A‖ �p�o�u�r� �c�h�a�q�u�e X �n�o�n� �n�u�l, �d�o�n�c

N(AX) ≤ ‖A‖N(X) �p�o�u�r� �t�o�u�t X ( �m�ê�m�e ��'�i�l �e�s�t �n�u�l ).
�i�i�. S�o�i�t X 6= 0. O�n� �a� :

N(ABX) ≤ ‖A‖N(BX)

≤ ‖A‖‖B‖N(X)

�d�o�n�c N(ABX)
N(X) ≤ ‖A‖‖B‖, �c�e�c�i� �p�o�u�r� �t�o�u�t X 6= 0. L�e �p�a�s�s�a�g�e �à� �l�a� �b�o�r�n�e

�s�u�p�é�r�i�e�u�r�e, �e�n�t�r�a�î�n�e �q�u�e : ‖AB‖ ≤ ‖A‖‖B‖.

P�a�r�t�i�e II : S�u�i�t�e�� �d�e �m�a�t�r�i�c�e��
1. P�u�i�s�q�u�e �l�e�� �n�o�r�m�e�� �s�o�n�t �t�o�u�t�e�� �é�q�u�i�v�a�l�e�n�t�e��, �o�n� �c�h�o�i�s�i�t �l�a� �n�o�r�m�e ‖.‖∞.
• S�u�p�p�o�s�o�n�� �q�u�e limAm = A. O�n� �a� : ∀i, j , 0 ≤ |a(m)

i,j − ai,j | ≤ ‖Am −A‖∞, �p�a�r�
�e�n�c�a�d�r�e�m�e�n�t, ∀i, j , lim a

(m)
i,j = ai,j .

• S�u�p�p�o�s�o�n�� �q�u�e ∀i, j , lim a
(m)
i,j = ai,j . O�n� �a� : ∀i, j , 0 ≤ ‖Am − A‖∞ ≤∑

i,j

|a(m)
i,j − ai,j |, �p�a�r� �e�n�c�a�d�r�e�m�e�n�t, limAm = A.

2. (�a�) S�o�i�t m ∈ N∗, �l�e�� �r�é�e�l�� Cm =
√

1 + α2

m2 > 0 �e�t θm = arcsin
(

α
mCm

)
�s�o�n�t �c�o�n�v�e-

�n�a�b�l�e��.

(�b) O�n� �n�o�t�e R(θ) =

 cos θ − sin θ

sin θ cos θ

. O�n� �s�a�i�t �q�u�e R(θ)R(θ′) = R(θ + θ′), �d�o�n�c

Amm = CmmR(mθm).
Cmm = exp(m2 ln(1 + α2

m2 ))→ 1 �e�t mθm ∼ α
Cm
→ α.

P�a�r� �c�o�n�s�é�q�u�e�n�t, lim
m→+∞

Amm = Rα
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P�a�r�t�i�e III : S�é�r�i�e�� �d�e �m�a�t�r�i�c�e��
1. • S�u�p�p�o�s�o�n�� �q�u�e

∑
m≥0

Am �c�o�n�v�e�r�g�e �e�t �p�o�s�o�n�� SN =

N∑
m=0

Am �e�t S =

∞∑
m=0

Am.

O�n� �a� : lim
N→+∞

SN = S, �d�o�n�c, �p�a�r� Q.II.1., �o�n� �a� ∀i, j ,

N∑
m=0

a
(m)
i,j �c�o�n�v�e�r�g�e.

• R�é�c�i�p�r�o�q�u�e�m�e�n�t, �s�i� ∀i, j ,
∑
m≥0

a
(m)
i,j �c�o�n�v�e�r�g�e, �a�l�o�r�� ∀i, j , (

N∑
m=0

a
(m)
i,j )N

�c�o�n�v�e�r�g�e, �d�o�n�c (SN )N �c�o�n�v�e�r�g�e �p�u�i�� �l�a� �s�é�r�i�e
∑
m≥0

Am �e�s�t �c�o�n�v�e�r�g�e�n�t�e.

2. S�u�p�p�o�s�o�n�� �l�a� �c�o�n�v�e�r�g�e�n�c�e �a�b�s�o�l�u�e �d�e �l�a� �s�é�r�i�e
∑
m≥0

Am �r�e�l�a�t�i�v�e�m�e�n�t �à� �l�a� �n�o�r�m�e

‖.‖∞.
O�n� �a� �d�o�n�c

∑
m≥0

‖Am‖∞ �e�s�t �c�o�n�v�e�r�g�e�n�t�e, �p�u�i�s�q�u�e ∀i, j , |a(m)
i,j | ≤ ‖A‖∞ �a�l�o�r��

�l�e�� �s�é�r�i�e��
∑
m≥0

a
(m)
i,j �s�o�n�t �t�o�u�t�e�� �a�b�s�o�l�u�m�e�n�t �c�o�n�v�e�r�g�e�n�t�e�� �p�u�i�� �e�l�l�e�� �s�o�n�t �t�o�u�t�e��

�c�o�n�v�e�r�g�e�n�t�e��, �d�'�o�ù� �l�a� �c�o�n�v�e�r�g�e�n�c�e �d�e
∑
m≥0

Am ( �p�a�r� Q.III.1. )

3. �p�o�u�r� �t�o�u�t N ∈ N , (In −A)(

N∑
m=0

Am) =

N∑
m=0

Am −
N∑
m=0

Am+1 = In −AN+1 (∗).

L�a� �c�o�n�v�e�r�g�e�n�c�e �d�e �l�a� �s�é�r�i�e �d�e �m�a�t�r�i�c�e �e�n�t�r�a�î�n�e �l�a� �c�o�n�v�e�r�g�e�n�c�e �d�e �t�o�u�t�e�� �l�e��
�s�é�r�i�e�� �d�e �c�oe�f�f�i�c�i�e�n�t��, �c�e �q�u�i� �i�m�p�l�i�q�u�e �q�u�e ∀i, j , lim

m→+∞
a
(m)
i,j = 0 ( �p�r�o�p�r�i�é�t�é �d�e �l�a�

�d�i�v�e�r�g�e�n�c�e �g�r�o�s�s�i�è�r�e ), �d�'�o�ù� lim
m→+∞

Am = 0. P�u�i�s�q�u�e �l��a�p�p�l�i�c�a�t�i�o�n� X → (In −A)X

�e�s�t �c�o�n�t�i�n�u�e �s�u�r� Mn(K) �a�l�o�r�� �l�e �p�a�s�s�a�g�e �à� �l�a� �l�i�m�i�t�e �d�a�n�� (∗) �n�o�u�� �d�o�n�n�e :

(In−A)(

∞∑
m=0

Am) = In. D'�o�ù� �l��i�n�v�e�r�s�i�b�i�l�i�t�é �d�e �l�a� �s�o�m�m�e �a�v�e�c (

∞∑
m=0

Am)−1 = In−A.

4. (�a�) O�n� �a� : χB(X) = X2 − 1
6X −

1
6 = (X + 1

3 )(X − 1
2 ), �i�l �e�x�i�s�t�e �d�o�n�c P ∈ GL2(R)

�t�e�l �q�u�e B = PDP−1 �a�v�e�c D = diag(− 1
3 ,

1
2 )

 − 1
3 0

0 1
2

 �e�t P =

 1 1

2 1

.

L�a� �s�é�r�i�e
∑
m≥0

Dm �c�o�n�v�e�r�g�e �c�a�r� �l�e�� �s�é�r�i�e��
∑
m≥0

(
−1

3
)m ,

∑
m≥0

(
1

2
)m �l�e �s�o�n�t.

C�o�m�m�e ∀N ∈ N ,

N∑
m=0

Bm = P (

N∑
m=0

Dm)P−1 �e�t X → PXP−1 �e�s�t �c�o�n�t�i�n�u�e (

�c�o�m�p�o�s�a�n�t�e�� �p�o�l�y�n�o�m�i�a�l�e�� ) �a�l�o�r��
∑
m≥0

Bm �e�s�t �c�o�n�v�e�r�g�e�n�t�e.

S�a� �s�o�m�m�e �e�s�t P
 3

4 0

0 2

P−1 =

 13
4

−5
4

5
2

−1
2

.
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(�b)
( ∞∑
m=0

Bm

)−1
=

 13
4

−5
4

5
2

−1
2

−1 =

 −1
3

5
6

−5
3

13
6

 = I2 −B.

P�a�r�t�i�e IV : E�x�p�o�n�e�n�t�i�e�l�l�e �d�'�u�n�e �m�a�t�r�i�c�e
1. S�o�i�t N �u�n�e �n�o�r�m�e �s�o�u��-�m�u�l�t�i�p�l�i�c�a�t�i�v�e �d�e Mn(K).

P�o�u�r� �t�o�u�t m ∈ N , N( 1
m!A

m) ≤ 1
m!N(A)m, �c�o�m�m�e �l�a� �s�é�r�i�e

∑
m≥0

1

m!
N(A)m �e�s�t

�c�o�n�v�e�r�g�e�n�t�e ( �d�e �s�o�m�m�e exp(N(A)) ), �a�l�o�r�� �l�a� �s�é�r�i�e
∑
m≥0

N(
1

m!
Am) �e�s�t �c�o�n�v�e�r�g�e�n�t�e

�d�'�o�ù� �l�a� �c�o�n�v�e�r�g�e�n�c�e �d�e �l�a� �s�é�r�i�e
∑
m≥0

1

m!
Am ( �p�a�r� Q.III.2. ).

2. P�a�r� �d�é�f�i�n�i�t�i�o�n� :

exp(S) =

∞∑
m=0

1

(2m)!
S2m +

∞∑
m=0

1

(2m+ 1)!
S2m+1

=

∞∑
m=0

1

(2m)!
In +

∞∑
m=0

1

(2m+ 1)!
S

= cosh(1)In + sinh(1)S

3. (�a�) O�n� �p�o�s�e SN =

N∑
m=0

1

m!
Am , TN =

N∑
m=0

1

m!
Bm �e�t RN =

N∑
m=0

1

m!
(A+B)m. O�n� �a� :

‖SNTN −RN‖ = ‖

(
N∑
m=0

1

m!
Am

)(
N∑
m=0

1

m!
Bm

)
−

(
N∑
m=0

1

m!
(A+B)m

)
‖

= ‖
∑

0≤m+p≤2N

1

m!

1

p!
AmBp −

∑
0≤m+p≤N

1

m!

1

p!
AmBp‖

= ‖
∑

N+1≤m+p≤2N

1

m!

1

p!
AmBp‖

≤
∑

N+1≤m+p≤2N

1

m!

1

p!
‖A‖m‖B‖p

=
∑

0≤m+p≤2N

1

m!

1

p!
‖A‖m‖B‖p −

∑
0≤m+p≤N

1

m!

1

p!
‖A‖m‖B‖p

=

(
N∑
m=0

1

m!
‖A‖m

)(
N∑
m=0

1

m!
‖B‖m

)
−

(
N∑
m=0

1

m!
(‖A‖+ ‖B‖)m

)
‖

L�e �p�a�s�s�a�g�e �à� �l�a� �l�i�m�i�t�e �l�o�r�s�q�u�e N → +∞ �n�o�u�� �d�o�n�n�e :

‖ exp(A) exp(B)− exp(A+B)‖ ≤ exp(‖A‖) exp(‖B‖)− exp(‖A‖+ ‖B|) = 0
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�d�'�o�ù� exp(A) exp(B) = exp(A+B).
(�b) O�n� �a� : In = exp(On) = exp(A+(−A)) = exp(A) exp(−A) �d�o�n�c exp(A) ∈ GLn(K)

�a�v�e�c (exp(A))−1 = exp(−A).
4. (�a�) P�o�u�r� �t�o�u�t m ∈ N , diag(α1, ..., αn)m = diag(αm1 , ..., α

m
n ), �d�o�n�c

exp(diag(α1, ..., αn)) =

∞∑
m=0

1

m!
diag(α1, ..., αn)m

=

∞∑
m=0

1

m!
diag(αm1 , ..., α

m
n )

= diag(

∞∑
m=0

1

m!
αm1 , ...,

∞∑
m=0

1

m!
αn)m

= diag(exp(α1), ..., exp(αn))

(�b) P�o�u�r� �t�o�u�t m ∈ N , (P−1AP )m = P−1AmP , �d�o�n�c

∀N ∈ N ,

N∑
m=0

1

m!
(P−1AP )m = P

(
N∑
m=0

1

m!
Am

)
P−1

L�e �p�a�s�s�a�g�e �à� �l�a� �l�i�m�i�t�e �e�t �l�a� �c�o�n�t�i�n�u�i�t�é �d�e X 7→ PXP−1 �n�o�u�� �d�o�n�n�e :
exp(PAP−1) = P exp(A)P−1.

(�c) P�o�u�r� �t�o�u�t m ∈ N , Tm �e�s�t �t�r�i�a�n�g�u�l�a�i�r�e �s�u�p�é�r�i�e�u�r�e �d�o�n�c exp(T ) �l��e�s�t �a�u�s�s�i�
( �d�a�n�� �c�h�a�q�u�e �s�o�m�m�e �p�a�r�t�i�e�l�l�e, �l�e�� �c�oe�f�f�i�c�i�e�n�t�� �a�u� �d�e�s�s�o�u�� �d�e �l�a� �d�i�a�g�o�n�a�l�e
�s�o�n�t �n�u�l��, �a�u� �l�i�m�i�t�e �l�e �s�o�n�t �a�u�s�s�i� ).
P�o�u�r� �t�o�u�t i = 1, ..., n �e�t �t�o�u�t m ∈ N , (Tm)i,i = tmi,i, �d�o�n�c ∀i = 1, ..., n , [exp(T )]i,i =
∞∑
m=0

tmi,i
m!

= eti,i .

(�d�) A �e�s�t �t�r�i�g�o�n�a�l�i�s�a�b�l�e �s�u�r� C �d�e �s�o�r�t�e �q�u�e : A = PTP−1 �o�ù� T = (t′i,j)i,j �t�r�i�a�n�-
�g�u�l�a�i�r�e �e�t P ∈ GLn(C).
O�n� �a� : exp(T ) = exp(P−1AP ) = P−1 exp(A)P �d�o�n�c det(exp(A)) = det(T ) =
n∏
i=1

exp(ti,i) = exp(

n∑
i=1

ti,i) = exp(tr(A)).

5. E�n� �t�r�i�g�o�n�a�l�i�s�a�n�t, �o�n� �o�b�t�i�e�n�t : P−1AP = T �o�ù�

T =


2 1 0

0 2 1

0 0 2

 , P =
1

2


0 1 −1

2 0 3

−2 −2 0

 , P−1 =


−6 −2 −3

6 2 2

4 2 2


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O�n� �a� T = 2I3 + J �a�v�e�c :

J =


0 1 0

0 0 1

0 0 0

 , J2 =


0 0 1

0 0 0

0 0 0

 , J3 =


0 0 0

0 0 0

0 0 0


P�a�r� �f�o�r�m�u�l�e �d�e B�i�n�ô�m�e : ∀k ≥ 0 , T k = 2kI3 + k2k−1J + k(k−1)

2 J2.

�d�o�n�c exp(tT ) = e2t


1 t t2

2

0 1 t

0 0 1

 �p�u�i��

exp(tA) = P exp(tT )P−1 =
e2t

2


2t+ 1 t t

2t2 + 6 t2 + 2t+ 1 t2 + 2t

−2t2 − 10t −t2 − 4t −t2 − 4t+ 1



P�a�r�t�i�e V : A�p�p�l�i�c�a�t�i�o�n� �a�u�x �s�y�s�t�è�m�e�� �d�i�f�f�é�t�e�n�t�i�e�l��
�l�i�n�é�a�i�r�e��

1. f �e�s�t �l�a� �s�o�m�m�e �d�'�u�n�e �s�é�r�i�e �n�o�r�m�a�l�m�e�n�t �c�o�n�v�e�r�g�e�n�t�e�� �s�u�r� �c�h�a�q�u�e �s�e�g�m�e�n�t �i�n�c�l�u��
�d�a�n�� I , �l�e �t�h�é�o�r�è�m�e �d�e �d�é�r�i�v�a�t�i�o�n� �s�o�u�� �l�e �s�i�g�n�e �s�o�m�m�e �i�m�p�l�i�q�u�e �q�u�e f �e�s�t �d�e
�c�l�a�s�s�e C1 �s�u�r� I �a�v�e�c, �p�o�u�r� �t�o�u�t t ∈ R, �o�n� �a� : f ′(t) = Mf(t) = f(t)M .

2. (�a�) O�n� �p�o�s�e : z(t) = exp(−tA)Y (t). O�n� �a� z �e�s�t �d�e �c�l�a�s�s�e C1 �s�u�r� I �s�i�, �e�t
�s�e�u�l�e�m�e�n�t �s�i� Y �l��e�s�t, �c�a�r� t 7→ exp(−tA) �e�s�t �d�e �c�l�a�s�s�e C1. E�t �d�a�n�� �c�e �c�a�� :
z′(t) = exp(−tA)(Y ′ −AY ). D�o�n�c

Y ′ = AY +B ⇔ exp(−tA)(Y ′ −AY ) = exp(−tA)B

⇔ z′(t) = exp(−tA)B

⇔ exp(tA)z′(t) = B

(�b)
(�c) L�a� �s�o�l�u�t�i�o�n� �g�é�n�é�r�a�l�e �d�e �l�a� �d�e�r�n�i�è�r�e �é�q�u�a�t�i�o�n� ��'�é�c�r�i�t : z(t) =

∫ t
t0

exp(−uA)B(u)du+

v �o�ù� t0 ∈ I �e�t v = z(t0),

�d�o�n�c Y (t) = exp(tA)
(∫ t

t0
exp(−uA)B(u)du+ v

)
=
∫ t
t0

exp((t − u)A)B(u)du +

exp(tA)v.
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3. I�c�i� B = 0 �d�o�n�c Y (t) = exp(tA).v.
S�o�i�t i ∈ {1, ..., n}. O�n� �a� : AV i = λiVi �e�n�t�r�a�î�n�e ∀m ∈ N , AmVi = λmi Vi �p�u�i�� ∀N ∈

N ,

N∑
m=0

1

m!
AmVi =

N∑
m=0

λmi
m!

Vi, E�n� �p�a�s�s�a�n�t �à� �l�a� �l�i�m�i�t�e, �o�n� �o�b�t�i�e�n�t exp(tA)Vi = eλiVi.

S�o�i�e�n�t α1, ..., αn �l�e�� �c�o�o�r�d�o�n�n�é�e�� �d�e v �d�a�n�� �l�a� �b�a�s�e �p�r�o�p�o�s�é�e. O�n� �a� :

exp(tA)v = exp(tA)

(
n∑
i=1

αiVi

)
=

n∑
i=1

αi exp(tA)Vi =

n∑
i=1

αie
tλiVi

4. P�o�s�o�n�� Y (t) =


x(t)

y(t)

z(t)

.

L�e �s�y�s�t�è�m�e �d�i�f�f�é�r�e�n�t�i�e�l �e�s�t �é�q�u�i�v�a�l�e�n�t �à� Y ′ = AY �o�ù� A �e�s�t �l�a� �m�a�t�r�i�c�e �d�e Q.IV.5.
L�a� �s�o�l�u�t�i�o�n� �g�é�n�é�r�a�l�e ��'�é�c�r�i�t : Y (t) = exp(tA)v ( �c�e�t�t�e �e�x�p�o�n�e�t�i�e�l�l�e �e�s�t �d�é�j�à� �c�a�l�c�u�l�é�e
). L�e�� �c�o�n�d�i�t�i�o�n�� �i�n�i�t�i�a�l�e�� �n�o�u�� �d�o�n�n�e :

x(t) = (7t+ 1)e2t

y(t) = (7t2 + 16t+ 2)e2t

z(t) = (−7t2 − 30t+ 3)e2t

P�a�r�t�i�e VI : T�o�u�t�e �m�a�t�r�i�c�e �a�n�t�i�s�y�m�é�t�r�i�q�u�e �r�é�e�l�l�e �e�s�t
�d�i�a�g�o�n�a�l�i�s�a�b�l�e �s�u�r� C

1. (�a�) S�o�i�t
s−1∑
i=0

αiN
i = 0. S�u�p�p�o�s�o�n�� �q�u�e �l�e�� αi �n�e �s�o�n�t �p�a�� �t�o�u�� �n�u�l�� �e�t �c�o�n�s�i�d�é�o�n��

p = min{i = 0, ..., s− 1 | αi 6=}. O�n� �a� :

αpN
p = Ns−1−p

s−1∑
i=p

αiN
i

 = Ns−1−p

(
s−1∑
i=0

αiN
i

)
= 0

�c�e �q�u�i� �e�s�t �a�b�s�u�r�d�e.

8



(�b) L�e�� �m�a�t�r�i�c�e�� �s�c�a�l�a�i�r�e�� �c�o�m�m�u�t�e�n�t �a�v�e�c �t�o�u�t�e �m�a�t�r�i�c�e, �d�o�n�c

exp(t(λIn +N)) = exp(tλIn) exp(tN) = etλ

(
s−1∑
k=0

tk

k!
Nk

)

2. (�a�) L�e �p�o�l�y�n�ô�m�e �c�a�r�a�c�t�é�r�i�s�t�i�q�u�e �d�e A �e�s�t χA(X) = (X − λ)n. P�a�r� C�a�y�l�e�y-
H�a�m�i�l�t�o�n�, χ(A) = 0 �d�o�n�c N �e�s�t �n�i�l�p�o�t�e�n�t�e �d�'�i�n�d�i�c�e �a�u� �p�l�u�� n.

(�b) P�o�s�o�n�� a = Re(λ) , b = Im(λ). L�a� �s�o�l�u�t�i�o�n� �g�é�n�é�r�a�l�e ��'�é�c�r�i�t :

X(t) = exp(tA).v = eλt

(
s−1∑
k=0

tk

k!
Nk

)
v

�o�ù� v ∈ Cn �e�t s �e�s�t �l��i�n�d�i�c�e �d�e �n�i�l�p�o�t�e�n�c�e �d�e N .
L�e�� �c�oe�f�f�i�c�i�e�n�t�� �d�e X(t) �s�o�n�t �d�e�� �e�x�p�r�e�s�s�i�o�n�� �p�o�l�y-�e�x�p�o�n�t�i�e�l�l�e�� �d�e �s�o�r�t�e
�q�u�e :

X(t) = eλt


P1(t)

...
Pn(t)

 �a�v�e�c ∀i = 1, ..., n , Pi(t) =

s−1∑
k=0

(

n∑
j=1

(Nk)i,jvj)
tk

k!

• S�i� a = 0 �e�t A = λIn �a�l�o�r�� �l�e�� Pi �s�o�n�t �t�o�u�� �c�o�n�s�t�a�n�t�� (�c�a�r� N = 0), �p�a�r� �s�u�i�t�e,
‖X‖ = max(|P1|, ..., |Pn|) < +∞, �c�e�c�i� �p�o�u�r� �t�o�u�t v ∈ Cn. • R�é�c�i�p�r�o�q�u�e�m�e�n�t,
�s�i� �t�o�u�t�e�� �l�e�� �s�o�l�u�t�i�o�n�� �s�o�n�t �b�o�r�n�é�e��, �o�n� �f�i�x�e vj =t (δi,j)1≤i≤n, �s�o�i�t �d�o�n�c

Pi(t) =

s−1∑
k=0

(Nk)i,j
tk

k!
, �p�o�u�r� �t�o�u�t i, j = 1, ..., n.

L�e�� �s�o�l�u�t�i�o�n�� �p�a�r�t�i�c�u�l�i�è�r�e�� �a�s�s�o�c�i�é�e�� �a�u�x vj , j = 1, ..., n �s�o�n�t �b�o�r�n�é��, �a�l�o�r��
a = 0 �e�t �l�e�� Pi , i = 1, ..., n �s�o�n�t �c�o�n�s�t�a�n�t�� ( �c�a�r� �s�i�n�o�n�, �l��u�n�e �d�e �s�e��
�c�o�m�p�o�s�a�n�t�e�� �a� �u�n�e �l�i�m�i�t�e �i�n�f�i�n�i�e �e�n� +∞ �o�u� −∞ ), �d�o�n�c �l�e�� (Nk)i,j �s�o�n�t
�n�u�l�� �p�o�u�r� i, j = 1, ..., n �e�t �p�o�u�r� k ≥ 1, �d�'�o�ù� a = 0 �e�t N = 0.

3. (�a�) P�a�r� �t�h�é�o�r�è�m�e �d�e C�a�y�l�e�y-H�a�m�i�l�t�o�n�, Q(f) = 0. L�e �l�e�m�m�e �d�e �n�o�y�a�u�x �p�e�r�m�e�t
�d�'�é�c�r�i�r�e :

Cn = ⊕qi=1Ker(f − λiId)ni (∗)

P�o�u�r� �c�h�a�q�u�e i = 1, ..., q , Ker(f−λiId)ni �e�s�t �s�t�a�b�l�e �p�a�r� f �c�a�r� (f−λiId)ni �e�t f .
S�i� �o�n� �r�e�p�r�è�s�e�n�t�e f �d�a�n�� �u�n�e �b�a�s�e B = ∪qi=1Bi �a�d�a�p�t�é�e �à� �l�a� �d�é�c�o�m�p�o�s�i�t�i�o�n�
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(∗), �o�n� �t�o�m�b�e �s�u�r� �u�n�e �m�a�t�r�i�c�e �d�i�a�g�o�n�a�l�e �p�a�r� �b�l�o�c�� :

M = MatB(f) =


A1| O

. . .
O |Aq


�o�ù� MatBi

(f/Ei
) = Ai �a�v�e�c Ei = Ker(f − λiId)ni

(�b) O�n� �p�o�s�e : D = diag(λ1In1
, ..., λ1Inq

) �e�t N = diag(N1, ..., Nq). O�n� �a� : M = D+N

( �e�t �a�u�s�s�i� DN = ND ).
L�a� �m�a�t�r�i�c�e N �e�s�t �n�i�l�p�o�t�e�n�t�e �d�'�i�n�d�i�c�e p �é�g�a�l �a�u� �p�l�u�� �g�r�a�n�d� �i�n�d�i�c�e �d�e �n�i�l�p�o-
�t�e�n�c�e �d�e�� Ni , i = 1, ..., q.
L�a� �s�o�l�u�t�i�o�n� �g�é�n�é�r�a�l�e ��'�é�c�r�i�t : X(t) = exp(tA)v = exp(tN) exp(tD)v. S�i� �o�n�
�a�d�o�p�t�e �l�e�� �n�o�t�a�t�i�o�n�� �d�e �l�a� Q.V.3, �o�n� �o�b�t�i�e�n�t :

X(t) =

p−1∑
k=0

n∑
i=1

αie
tλi
tk

k!
NkVi

L�e�� �c�o�m�p�o�s�a�n�t�e�� �s�o�n�t �d�e�� �c�o�m�b�i�n�a�i�s�o�n�� �l�i�n�é�a�i�r�e�� �d�e �f�o�n�c�t�i�o�n�� �p�o�l�y-�e�x�p�o�n�e�n�t�i�e�l�l�e��

�d�'�e�x�p�r�e�s�s�i�o�n�� �s�o�u�� �l�a� �f�o�r�m�e
n∑
i=1

eλitQi(t), �e�t �l�e�� �c�oe�f�f�i�c�i�e�n�t�� �d�e�� Qi �s�o�n�t �e�n�

�l�i�e�n� �a�v�e�c �l�e�� . D'�o�ù�

L�e�� �s�o�l�u�t�i�o�n�� �s�o�n�t �b�o�r�n�é�e�� ⇐⇒ ∀i , Re(λi) = 0 , ∀i , Qi = cte

⇐⇒ ∀i = 1, ..., q , λi ∈ iR , Ni = 0

⇐⇒ ∀i = 1, ..., q , λi ∈ iR , M = D

⇐⇒ ∀i = 1, ..., q , λi ∈ iR , A �e�s�t �d�i�a�g�o�n�a�l�i�s�a�b�l�e

4. S�o�i�t A �u�n�e �m�a�t�r�i�c�e �r�é�e�l�l�e �a�n�t�i�s�y�m�é�t�r�i�q�u�e. L�e�� �s�o�l�u�t�i�o�n�� �d�e �l��é�q�u�a�t�i�o�n� X ′ = AX

�s�o�n�t �d�o�n�n�é�e�� �p�a�r� : X(t) = exp(tA)v , v ∈ Cn. C�o�m�m�e exp(tA) ∈ On(R) �c�a�r�
[exp(tA)]T = exp(tAT ) = exp(−tA) = [exp(tA)]−1, �a�l�o�r�� ‖ exp(tA)‖1 ≤ n

√
n, �d�o�n�c

�t�o�u�t�e�� �l�e�� �s�o�l�u�t�i�o�n�� �d�e �c�e�t�t�e �é�q�u�a�t�i�o�n� �s�o�n�t �b�o�r�n�é�e��, �p�a�r� �s�u�i�t�e A �e�s�t �d�i�a�g�o�n�a�l�i�s�a�b�l�e
�d�e �v�a�l�e�u�r�� �p�r�o�p�r�e�� �i�m�a�g�i�n�a�i�r�e�� �p�u�r�e��.
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P�a�r�t�i�e VII : Q�u�e�l�q�u�e�� �t�r�a�n�s�f�o�r�m�a�t�i�o�n�� �i�n�d�u�i�t�e�� �p�a�r�
�l��e�x�p�o�n�e�n�t�i�e�l�l�e �m�a�t�r�i�c�i�e�l�l�e

1. (�a�) P (X) =

s−1∑
k=0

1

k!
Xk , Q(X) =

s−1∑
k=1

(−1)k−1

k
Xk �a�v�e�c r = s− 1.

(�b) O�n� �s�a�i�t �q�u�e ex = P (x) + o(xr) �e�t ln(x + 1) = Q(x) + o(xr). E�n� �c�o�m�p�o�s�a�n�t,
�o�n� �o�b�t�i�e�n�t :

1+x = exp(ln(x+1)) = P (Q(x))+o(xr) , x = ln(1+ex−1) = Q(P (x)−1)+o(xr)

�d�'�o�ù� P (Q(x)) = 1 + x+ o(xr) �e�t Q(P (x)− 1) = x+ o(xr).
(�c) S�i� �o�n� �c�h�e�r�c�h�e �l�e �d�é�v�e�l�o�p�p�e�m�e�n�t �l�i�m�i�t�é�� �p�r�é�c�é�d�e�n�t�� �a�u�t�r�e�m�e�n�t �ç�a� �s�e�r�a� :

P (Q(x)) = T (x)+xrR(x) , Q(P (x)−1) = S(x)+xrU(x) �a�v�e�c deg T, degS ≤ r , R(0) = U(0) = 0

O�n� �s�a�i�t �d�'�a�p�r�è�� �l�a� �q�u�e�s�t�i�o�n� �p�r�é�c�é�d�e�n�t�e �q�u�e T (x) = 1 + x �e�t S(x) = x, �d�o�n�c
�o�n� �a� :

P (Q(N)) = T (N)+NrR(N) = T (N) = In+N ∈ Un(K) , Q(P (N)−In) = S(N)+NrU(N) = S(N) = NNn(K)

�c�a�r� Nk = 0 �p�o�u�r� �t�o�u�t k ≥ r + 1.
O�n� �e�n� �c�o�n�c�l�u�t �q�u�e exp �e�s�t �u�n�e �a�p�p�l�i�c�a�t�i�o�n� �b�i�j�e�c�t�i�v�e �d�e Nn(K) �v�e�r�� Un(K)

�d�o�n�t �l��i�m�a�g�e �r�é�c�i�p�r�o�q�u�e �e�s�t ln, �e�n� �e�f�f�e�t, �p�o�u�r� N ∈ Nn(K) �e�t M ∈ Un(K) :

exp(N) = M ⇐⇒ Q(N)− In = M − In

⇐⇒ P (Q(N)− In) = Q(M − In)

⇐⇒ N = lnM

2. (�a�) S�o�i�e�n�t N ∈ Nn(C) �e�t β = Reiθ ∈ C∗. O�n� �p�o�s�e : M = ln(In + N) ∈ Nn(C) �e�t
α = lnR+ iθ ∈ C∗. O�n� �a� :

exp(αIn +M) = eα exp(M) = β(In +M)

�d�'�o�ù� �l�a� �s�u�r�j�e�c�t�i�v�i�t�é �d�e exp �d�e V �v�e�r�� W .
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(�b) C�e �n�'�e�s�t �p�a�� �i�n�j�e�c�t�i�v�e �c�a�r� (α+ 2iπ)In +M �e�s�t �a�u�s�s�i� �u�n� �a�n�t�é�c�é�d�e�n�t.
3. S�o�i�t M ∈ S++

n (R). P�a�r� �l�e �t�h�é�o�r�è�m�e �s�p�e�c�t�r�a�l, �i�l �e�x�i�s�t�e Q ∈ On(R) �e�t D = diag(λ1, ..., λn) ∈

Mn(R) �t�e�l�l�e�� �q�u�e QTMQ = D. �l�e�� λi �s�o�n�t > 0 �c�a�r� M �e�s�t �d�é�f�i�n�i�e �p�o�s�i�t�i�v�e, �p�o�s�o�n��
�d�o�n�c µi = lnλi �p�o�u�r� i = 1, ..., n �e�t ∆ = diag(µ1, ..., µn) �e�t A = Q∆QT ∈ Sn(R). O�n�
�a� :

exp(A) = Q exp(∆)QT = Qdiag(eµ1 , ..., eµn)QT = QDQT = M

P�o�u�r� �v�o�� �r�e�m�a�r�q�u�e�� , �m�e�r�c�i� �d�e �m�e �c�o�n�t�a�c�t�e�r� �s�u�r�
�t�a�o�u�f�i�k�i�−�m�a�t�h��@�h�o�t�m�a�i�l.�f�r
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