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€NE . doathe T
Froposition de connige

Taoufiki said

Frobleme
Jonbie J : Ebude de quelgues monmes s M, (K)

1Y), 1AB)igl =1 AsBigl < 3 1Akl Bijl < Y [ AllelBllo < | Alloc | Blloo
k=1 k=1 k=1
Dot 4B < nl| Al Blloo-

9. (a)gm@MQ'WWMWWQ’RWW&N,mM
Z T B Z |x”\NEJ

1<i,j<n 1<4,5<n

Fuisque | X||oo majone tous les [z, alons N(X) < ( 3 N(Eg)) 1X || oo -

1<i,5<n

(@) i. Tonoms k = Z NE] >0(£,<1TLP,%EJ7£O @?anﬁmmgu&tebuamﬁu%ne

1<i,5<n
UT\/GM oM o

IN(X) = N(Y)| < N(X ~ ) < k|X - Y]

%@moblyv\N'M HR%twmhmmkégur\cpubyawm
u£am’vme\||\oomtl£ur\cpubéfam /r\anﬂmmgupwtebua/vﬁuﬁmne

atmmtmdhwm%%m,oﬂemsw%tmmvr\mtdeMn(K)
OmM%’WMWwWMMdemné&Q%
enl bonse et que ses lormes sonk afteimbes, dome ill existe Xo € Su tel
crup_N(XO)— mlnN dwﬁa/r\no/r\hmtecp\ﬁmp\ee
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k. Ofn/[\o«&e:a— (X()).a>0mﬂamd'mmmmuﬂ
E?mtXGM 9LX—OQM\%AQAJL&%JZJJWAQ€WQ&P7¢¢W

= € Seo etﬂaz}umhmx@medante/[\ﬁwnettentdmagN(HX”w)
/l'\Mi/b . Q'. p -t/ ) ) 2 ]
(c) Toun. une morvme anbithaine N, sn a brousé que ] loo €N < Ell.|loo-
3. (a) N ef || X]oo Méc]Axi/\}aﬂeW\JIm,domithe,B>0 te,Qq.uz t N < B oo -
Joun (A, B) € Mo(K)?, on a : N(AB) < B ABllsc < nBl|Alscl| Bl

(Q»)@)mﬂam@menmmigmtea>0tagorue:oz||.||oc§N.
Fooun (A,B) € M,(K)?, om a : N(AB) < n8|Alloo||Bllee < Z—EN(A)N(B).
(c)égenéeQn—ﬁwniant
b (a) L. ?o«tAGM £Q%MCUMX'—>N(AX) esk combimue aun M, 1 (K)
mwm/[mthxdeﬂammmNoruLeAtl £L/r\/ﬁauibgi£/nmeatX|—>AX
uruxmtdzmmr\mmt%/[\epxg/wmmﬂw r_eeg{)fumb&dz)( OfnuéruBAa
wfrrvm,edwmQI2bz que {X € M1 (K) | N(X *1}%tmmn/r\aotde
My 1(K), done X +— N(AX) MW@MMMW
q.ueﬂ’mmte||A||,deAsnte(}LL’itheX0€Mn,l(K) teﬂr,].xm_ N(Xp) =1
ot [[A] = N(AXo).
Hogimbenant, ALmMXGMnl()me ma:N(LX)):l
domne NAX) _ (A X )<||A||: ( XX ) 4ot e resulka.

9] NX)
[All = sup{N(AX) | N(X) =1}

J[Al=0 = VX eM,:(K), NAX)=0
— VXEMnJ(K) , AX=0

— A=0



IMI = sup{N(AX) | N(X) =1}
— sup{]AIN(AX) € | N(X)=1}
= Al

o 3Xo€ M, 1(K) Ll que N(Xo) =1 ek || A+ B|| = N((A+ B)Xo).
On o © [|A+B| = N(A+ B)Xo) < N(AXo) + N(BX,) < || Al + | B]

L.@Dand.é[))ivrdb'mmdeHAH,ma: A§)<\|A\\/r\mmcp«mrue)(mmﬂdom
N(AX) < [|A|N(X) qown tout X ( mame 53l et mul ).

iL.?oitX;é0.0ma:

N(ABX) < [|A|N(BX)

A

A B[N (X)

dome NABX) Al B]|, ceci oun fout X #0. Le asbage 2 Lo borvne

N(X)

Axur\énwune, embnadme que IAB|| < ||A|ll|B]|-

Farkie B : Guikes de mabrices
1. Guisgue les morvmes somt boukes squinsalentes, sn choisik o movme |.J|oc.

. gxu[\/r\owm que lim A, = A. On o Vi,j , 0< \ag?) —a; ;| < ||Am — Allso, an
emcadnement, Vi, j | limag’?) =a;;.

° S)Wm que Vi, j limagfy) = a;;. On a : Vi,j , 0 < [|[An — Al <

Z \a(m) —aijl, o emcadnement, lim A4,, = A.

9. (a) Coik m € N¥, les reells szy/l+%22>0 ek Gm:arcsin(mgm> 2ok comuve
molles.

(k) On mote R(9) =

cosf) —sinf ) O anit e R(O)R(') = RO +0'), donc

sinf cos6
AT = C™MR(mb,,).
Cyy = exp(% In(1 + C‘—2)) — 1 ek mb,, ~ o2

Fan Weo[uemt, mLHEOO A" =R,



TJontie T : Sonies de matnices
4.09114\/{\%@/%1}“3214 WW&WMSNfZA ek S= ZA

Omn o : NEIEOOSN =5, don, n Q.II.1., o o Vi,j Zaijﬁ mmenﬂe
° @%éazrmwmmt, Ak Vi, j Za(m) mvwm%e ollsrs Vi, j Za(m)

wwumgedem (SN)N www%ewﬂaw%fl %tmvw%ante
QQW%WM&QQW ZAmrdab'uwmm&anmm
e -
On a denc > I Anlloc etk comvengente, quisque  Vi,j la{™| < (1Al oo
Q%WZW)MW&MWW%MM
W,A'G&Qtlmwlﬁ,emcede ZA (/r\anQ.III.l.)
3. poun feuk N eN, (I, — A) ZA ZAm ZA’"“ I, — AN+ (%).

W&L&B&mm@mqmm@qugue%y mhrfa (/r\rwr\matedeﬁa
duw%anceﬁrm d.ou_ ml_l)mooAm—O @WQ&T\/"\QAL&DJ}’T\X—) (I,—A

mtwmbw\ue/bun/\/l ap,emﬂe/(\mageaﬁa&m&edam m«wdynme:
—A)(ZAm)zln.g)m Qmmmx@«&tedeﬂamvmemec ZAm)_lzln—A.

b (a)Oma:XB(X):XQ—%X—%:(X—F X -3), AQMMPGGLQ()
tegz}ueB:PDPlamecD:diag(—é,é)(oé ?)etP:(; 1)

P m P 712m 1m
£a/zwuemz>:0D mwﬁzmﬂwmngo(?) ’,;0(5) le somt

N N
Comme YN e N, Y B"™ = P(Y_ D™P~' ek X - PXP™" esk conbimue |

WMW)MZBmMW.

m>0
13 =5
P—l — 4 4
5 =1 .
2 2
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> -1 o5\ -1 5
(B) (Z B’”) - P ) =2 1 )=e-B
m=0 2 2 36

@MW gwrxmmxheﬂze d'ume maknice
.S)o«tNmmmmmmwwbmdeM

Jown kout m € N, N (AM)_WN(A)m,mQawZ ™ enk
m>0 m!
wwoer\ﬁzyr\te ( de asmme exp(N(A)) ),aQM,bp,am,e Z N(mAm) mtmmﬁmte
m>0
st la de lo sorie S =A™ Q.II1.2. ).
comsengence m;) ( pon )
= 1 > 1
ap(S) = D, @St D SR

.(a)Om/[meSNZZmAm7TN:ZmBmetRNZZmA+B O a

ISNTx — x|l = | (i,i, m) (i ;!Bm> - (i nﬁ,<A+B>m> ||

m=0 m=0 m=0
11 11
— _— _ Ampp _ [— L DY
=l Z m!p!A B Z |plA I
0<m+p<2N 0<m+p<N
11,
= > AT
N+1<m+p<2N
S
< Z 7'];”14” 1B
N+1<m+p<2N
= Y B - Y B
0<m+p<2N 0<m+p<N
= (Z m!IIAII’”> (Z m!IIB’”> - (Z — (Al + IIBI)’”> I
m=0 m=0 m=0

£e/r\aAAaﬁ,ean&nniteﬂommrueN—>+oowdoﬁvm:
|| exp(A) exp(B) — exp(A + B)|| < exp(||All) exp([| B||) — exp(||A| + [|B]) =
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dstt exp(A) exp(B) = exp(A + B).
(Qs) Ona: I,= exp(0,,) = exp(A+(—A)) = exp(A) exp(—A) demc exp(A) € GL,(K)
arsec (exp(A))~! =exp(—A).

4 (a) Four Lok m e N , diag(ay, ...,an)™ = diag(af?, ...,a™), demc

o0

) 1
exp(diag(ay, ..., an)) = Z%dzag(al,...,an)m
m=0 "
— 1
= Z@dmg(a?,...,an’”)
m=0 ’
1 1
_ - - om - m
= dzag(z O Z m!a”)
m=0 m=0

= diag(exp(ay), ...,exp(ay))

(B) Foun fouk m e N, (P~2AP)™ = P~2A™P, domc

N
VN eN , Z PlAP)" =P (Z ;'Am> p!
m=0 :

£e/r\ma3edﬂa&nniteetﬂawmhnwiféngl—>PXP_lwdsfmw:
exp(PAP~') = Pexp(A)P~1.

()@mt@utmGN Tm%tbuamﬁuﬂalr\emmdomexp thaux»m

@)suntoutzzl,...,nektoutmeN (Tm)“_tm dome Vi=1,...n, [exp(T)];; =

7,1/
o0
tm

z_:oﬁ — livi
d) A esk b‘li%ofnapj,{:a%e s C de aonfe que © A= PTP™" ot T = (] ;)i; briam-

5~Eam ek PeGL,(C)

On a : exp(T) :nexp(P_lAP) = P lexp(A)P domc det(exp(A)) = det(T) =

n

H exp(t; ;) = eXp(Z ti;) = exp(tr(4)).

SEmD’U\ﬁ@d\aQAWJ:,MM cPTlAP =T s

21 0 0 1 -1 6 -2 -3
1

T=10 2 1 . P=3] 2 0 3 , P'=| 6 2 2

00 2 2 2 0 4 2 2



OmaT:213+Ja/uec :

01 0 00 1 00 0
J=|10 0 1 , J =100 0 ., JP=100 0
00 0 00 0 0 0 0

Jon forvmule de Rimsme :  vh 20, TH= 244 k2t Ly 4 B2,

1t v
dome exp(tT)=e* | 0 1 ¢ s
00 1
N 2+ 1 t t
€
exp(tA) = Pexp(tT)P~* = 5 2024+6 t2+2t+1 t2+2t

—2t2 — 10t —t2—4t —t®—4t+1

Doz

closse €' sun T amec, poun tout t€R, om o f(t) = Mf(t) = f(t)M.
9. (a) On pote : 2(t) = exp(~tA)Y(t). On a 2 est de closse C sun I i, ek
sedlement sl Y Desk, can t > exp(—tA) eak de dosse 1. EL dams ce cas
Z'(t) = exp(—tA)(Y' — AY). Done
Y'=AY +B & exp(—tA)(Y' — AY) = exp(—tA)B
& Z'(t) = exp(—tA)B
& exp(tA)Z/(t) = B

(E)
(c) Lo sslubion ﬁév\é'mp,e de lo denmizne éo[uabuyn seenik : z(t) = f; exp(—ud)B(u)du+

v ol tg €1 ek v=2(ty),
deme Y (t) = exp(tA) (ftto exp(—uA)B(u)du + v) = ftto exp((t — u)A)B(u)du +

exp(tA)v.



3.0ci B=0 done Y(t) = exp(tA).v.
9@&2’6{1 cy b Oma Ay = N V; embnaime Ym € N | A™V,; = A"V /r\Jui,bVNE
N, Z—AmV Z ngmw Qa&mutemo@hmxtexptA V; = eMVj.

m=0

Sommtal...,anﬁmwoﬂwmdavdwmﬂaﬂmw On a :

exp(tA)v = exp(tA) (Z a; z) Zai exp(tA)V; = Z%‘ew‘iVi
i=1 i=1

&B%@wﬁa@%twﬂemta}” AYwAthamab'uoedeQIV5
£aAoPuhynﬁemmaﬂe,bem¢ Y (t) = exp(tA)v cettewpmebe&gemtd%awﬂwﬂee

)£%md}h@fmbvmbtaﬁmwdmme

x(t) = (Tt+1)e*
y(t) = (Tt + 16t + 2)e*
2(t) = (=T7t* — 30t + 3)e*

diaﬁofr\a&/ﬁaprﬁemc

1. (a) S)MtiaiNi:O.?WAqu%aimwwwwetmm

p=min{i =0,..,s—1 | a; #}. On o :

s—1 s—1
O(pr:Nsilip (ZOQNZ) :stlfp <ZO‘1N,L> =0

i=p =0



s—1
exp(t(AM, + N)) = exp(tAl,) exp(tN) = e <Z Z;INk>
k=0

9. (a) Le /r\s[)/gméme LarLar,téruAbLorue de A enk ya(X) = (X — )™ Jan (eargﬂarg
Kamilkon, x(4) =0 dome N ek milpotente dimdice an plus n.

(B) Toromns a=Re(r) , b=TIm()\). Do aclukion %e'r\er\oﬂe ik

k=0

s—1 L
X(t) = exp(tA).v = M <Z ;Nk> v

o&vé@"atsmtﬂ’imdicedemiﬂ/r\o‘tmaedaN.

mw@%@mhdaX(t)MdmwmeM—wpwﬁa@ﬂmdeW

s 1

3

tk

X(t) = eM : avec Vi=1,...n Zjvj o

-
I

O 7:1

o?ka:OetAZ)\InaQ@MQeAPZ-MWWM(WN:O),MW,

| X|| = max(|Py], ..., |Pn]) < 400, ceci qewn Louk v e C". o @%éa/’r\nsq.umyr\t,

MMB@A@QAM’T\AWM P)iwcevj =t (5i,j)1§i§n,m¢dsfm
s—1 t

Pi(t) = Z(Nk”k' /[\ouhteutz,]fl, Wn

EBMA@&MWWWMWWM%,]fL.,nMWM

a—OekQ%P,Z—l...,nwmwtm@(manWdem

mwrmmmtmaumaﬂimdteh&%hniem+oow—oo),dsmﬂm(Nk)MM

muls pow i j=1,...n et powt k=1, ded a=0 ef N =0.
3. () Jon theoreme de CanflenPamilton, Q(f) = 0. Be lomme de moyaus pevmet
d’éenine -

C" = @l Ker(f — A Id)™ (+)
Jown chague i =1,...q , Ker(f—ild)™ eat sbable pan f can (f=NiId)™ ek f.
?mermmtefdmwm@amB UL, B; adoptée o lo decomponition



ol Matp,(f/r,) = Ai awec By = Ker(f — \ild)™

(@) Om fete : D = diag(M1p,, ..., A\l,,) ek N = diag(Ny, ..., Ny). Ona:M=D+N
( et auwssi DN =ND ).
&mmzv%tmﬂwteammp&gaﬁ Wﬁ“ﬂ’“‘imdﬂ”@r\@
temce des N; | i=1,
Lo aclubion %é'ngmﬂe Aeo‘ut X(t) = exp(tA)v = exp(tN)exp(tD)v . Si on
adopte les motabions de Lo Q.V3, on oblbient

p—1 n

ZZ& ethi t* NkV

k=0 1i=1

dmor\rmwmw&a@mm\ez@“Q ekﬂmwe%&mm%dm@zm«\tm

Les solubions sont bormses Vi, Re(\) =0, Vi, Q; =cte
Vi=1,..,q, €iR , N;=0

Vi=1,...,q, €@R , M=D

Vi=1,....,q , \j €iR , A%t&mﬁoﬂm&mﬂge

A.QmAmmmné&QemwwW&mmm«wagﬂ’Wx:Ax
sonk donmées pan © X(t) = exp(tA)y . v € C". Comme exp(td) € O,(R) can
lexp(tA)]T = exp(tAT) = exp(—tA) = [exp(tA)]~!, alons |lexp(tA)|; < nyn, donc
MQ%M&@@&@WMW,MAMAM@@W

[N
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1. (a) Zk'Xk X):Z k Xka/uecr—s—l
k=1
(Qs)OmAmtquee = P(z)+o(z") eb In(x+1)=Q(z)+ of )8mm/r\mamt
on obbient :

1+ =exp(In(z+1)) = P(Q(z))+o(z") , xz=In(1+e"—1)=Q(P(z)—1)+o(z")
dst PQ(z))=1+xz+o(z") eb Q(P(z)—1)=2z+o(z").

P(Q(x)) =T(x)+z"R(z) , Q(P(x)—1)=S(x)+z"U(xr) ovec degT,degS<r, R0)=U(0)=0

OmAaitd'a/r\né/bp,aqumhom/rmécédM\teL)rueT(w)zlere,tS(x):x,dma

P(Q(N)) = T(N)+N"R(N) = T(N) = I,+N € Up(K) , Q(P(N)-I,) = S(N)+N"U(N) = S(N) = N.

oanNk:O/r\mteuthrJrl.

On em concuk que exp esk ume Ll/r\/r\QAQQbLM\ nge,obwe jechivse de N, (K) werws U, (K)
denk Q'mr\ag,e néu/r\no(}ue esl In, em e%&t, qoun N € N,,(K) ot M € U,(K) :
exp(N) =M < QN)-L,=M-1,

<~ N=InM

9. (o) Ssiemt N € N, (C) ek B = Rei® € C*. O pote M =1In(l, + N) € N, (C) ek
a=InR+i0 € C*. Om a

exp(al, + M) = e“exp(M) = 5(I, + M)

A’MQaMLéchmitédanpdeVumW.
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(Q;) Ce menk Tab Amﬁe,obuue can (a4 2im) L, + M esk awasi um amkécédent.
3. 5it M € 8;(R). Fan e Reonome apectnal, ill exciste Q € O,(R) ek D = diag(\y, ..., An) €

MH(R)%WQTMQ:D.Q%)\Z'M>OmMmtd.éBAmie/Tmiﬁme,/rmm
dome p; = In\; powt i =1,..,n ek A = diag(, ..., pun) £ A =QAQT € S,,(R). Om

a ol

exp(A) = Qexp(A)QT = Qdiag(e™, ...,et)QT = QDQT = M

@mmmmqm,mdemm\tadmm

taouflibi—mathsahobmail fn
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